Let k be the local field F q ((T )), where q is a power of a prime number p. Let L be a totally ramified Artin-Schreier extension of degree p over k and G its Galois group, and let v be a valuation of L such that
Introduction and Results
Set k = F q ((T )), where q is a power of a prime p. Let L be an Artin-Schreier extension of degree p over k, and set G = Gal(L/k). 
Furthermore, he showed that O L is a free A-module under certain conditions. In the same fashion as [1] , we will construct an explicit basis for When b = r, A r,r is a ring with 1, and so M r L is a module over A r,r . We will describe conditions below for which M r L is a free module over A r,r . From now on, set A r = A r,r .
Write r = pf + r 0 , where 0 ≤ r 0 ≤ p − 1. Then for x ∈ A r , we have
. Hence, we may assume that 0 ≤ r < p.
In [6] , Ferton studies the case of a totally ramified Galois extension K/k of degree p, where k is a local field with characteristic 0. She first constructs θ r , for 0 ≤ r ≤ p − 1, such that it generates a normal basis for K/k. She then studies U r = {x ∈ k[G] : xθ r ∈ M r K }. An explicit set of generators for U r is then constructed, which turns out to be very similar to the generators for our O k -modules A r . She shows that M r K is A r -free if and only if A r coincides with U r . She then gives the explicit conditions involving the ramification break λ and r for which A r and U r coincide, which is equivalent to the conditions for which M r K is A r -free. Her results turn out to be exactly the same as the results in this paper in the case when 0 < λ < pe p − 1 − 1.
Our approach in this paper is different from Ferton's. We will generalize the criterion equivalent to M 0 L = O L being A 0 -free given by Aiba in [1] . We will study that criterion and extend the techniques of Lettl in [9] to find exactly when M r L is A r -free in terms of λ and r. In the case when L/k is unramified, we have from Proposition 2.1 of [10] that
. So we will focus on the case when L/k is totally ramified.
Let F be a local field with residue characteristic p. When N is an ArtinSchreier extension of degree p over F , the Galois group G of N/F has a unique ramification break. Recall that an integer i is called a lower ramification break if G i = G i+1 , where
By Artin-Schreier Theory we have N = F (α) , where α is a root of X p − X − β, for some β ∈ F . When N/F is totally ramified, by Proposition 2.4, pg. 75 of [4] , the element β can be chosen so that v F (β) = −λ is relatively prime to p and λ is the unique ramification break of N/F.
Write L = k(α), where α is a root of the equation
It follows that v(α) = −λ p , where −λ = v(β). As mentioned above, λ is relatively prime to p and is the unique ramification break of the Galois group G of L/k. So we can write λ = pt + s, where t and s are integers with 1 ≤ s ≤ p − 1.
From elementary Galois theory, we know that G =< σ >, where σ(α) = α + 1. Let {x} denote the fractional part of a real number x, that is, 0 ≤ {x} < 1 such that x − {x} ∈ Z. We know that (−x) − −x = {−x}.
where γ r (u) = − − su+r p , and λ = pt + s where 1 ≤ s ≤ p − 1.
Proof. Note that we have
However,
We see that the valuations of the p elements α u T tu+γr(u) (0 ≤ u ≤ p − 1) are distinct and lie between . Hence, we have the desired result.
For convenience, let 
where
(ii) Let s be fixed. Let n i be the least positive integer such that
L is a A r -free module if and only if r satisfies either of the following conditions:
p ≥ 2n 1 s, but this inequality happens only when s = n 1 = 1, which, in this case, we have
Multiply (2) by s and write sn 1 = 1 + kp for some integer k. We obtain the inequalities
Conversely, suppose that
. This result has already been proven by Aiba and Lettl in [1] and in [9] . The same result was also shown to hold when L has characteristic 0 by Bertrandias and Ferton in [5] . 
if m is even, and
Furthermore, n 1 ≥ p 2 if and only if m is even.
Proof. (This proof is due to the referee.) We will apply the Extended Euclidean Algorithm. Set r −1 = p, r 0 = s, x −1 = 1, y −1 = 0, x 0 = 0, y 0 = 1. For j ≥ 1, let r j−2 = a j r j−1 + r j with 0 ≤ r j < r j−1 , and for j ≥ 0, set x j+1 = a j+1 x j + x j−1 and y j+1 = a j+1 y j + y j−1 , stopping when the decreasing sequence (r j ) of remainders terminates with r m = 0. Then r m−1 = gcd(p, s) = 1, and we have the continued fraction expansion s/p = [0; a 1 , . . . , a m ] with a m ≥ 2. Moreover, by induction, we have
and
By taking j = m − 1 in (4), we obtain the Bezout Identity
And by taking j = m in (4), we get x m p = y m s. Since gcd(x m , y m ) = 1 by (5) and clearly x m > 0, we deduce that x m = s and y m = p. First suppose that m is even. From (6) we have
Furthermore, since p = y m = a m y m−1 + y m−2 , a m ≥ 2 and n 1 = p − y m−1 , we have
Next suppose that m is odd. Then (6) gives y m−1 = n 1 . Thus,
Example. Let p = 29. The table below is generated from a double inequality, which will be mentioned in Remark 3.3 and studied carefully Section 4. In Section 3, we will show that a pair (r, s) satisfying the double inequality is equivalent to M ]) Let A be a local ring and m its maximal ideal. Let E be a finitely generated A-module, and let F be a submodule of E. If E = F + mE, then E = F .
Let F be a field of characteristic p. Set F alg to be the algebraic closure of F , and set Ω = (F alg ) × , the multiplicative group of F alg . For any finite abelian group B of order relatively prime to p, let B be the set of group homomorphisms from B to µ B , the group of |B|-th roots of unity of Ω. In fact, B is a group. This is the analog to the group of characters with complex values. 
where H 1 is as defined above.
Remark 2.3. The lemma above is just an application of the Group Determinant Formula (pg. 71 of [11] ) and adapting to the case of positive characteristic.
Proof. Set H = H p , H 1 = 1 and f (σ) = σ(α), and apply the lemma above. 
Hence we have the following equality of ideals in O k (2.4 of [7] , pg. 121):
So, det(a) divides det(b) for all b ∈ M r N . Conversely, suppose a is minimal, that is, det(a) divides det(b) 
where f (x) is the formal derivative of f (x).
, where
By Corollary 2.4, det(ζ) = −T t(p−1)+γr(p−1) p while for 0 ≤ u ≤ p − 2 we have det(α u T t(u)+γr(u) ) = 0. Linearity of trace and Lemma 2.5 implies
The First
Step
And for the case u > m,
Proof. The cases u < m and u = m are clear. Due to how ϕ m is defined and that it acts trivially on T v for any integer v, it is enough to look at how (σ −1)
If we inductively apply σ − 1 and use the results for u < m and u = m, we get the desired result for u > m.
Theorem 3.2. Let L = k(α) be a wildly ramified cyclic extension of k of degree p, where α is a root of
with v(β) = −λ and λ = pt + s with 0 < s ≤ p − 1. Then
Furthermore, M 
If we let r = 0, we have exactly the same property as in [1] . We regret that we have accidentally chosen the variables m, n opposite that of Aiba in [1] . Aiba incorrectly stated the inequality as 1 < m < n < p − 1 and was corrected by Lettl in [9] to 1 ≤ m < n ≤ p − 1. In [9] Lettl showed that the property above is equivalent to s | p − 1. Now we will prove Theorem 3.2.
Proof. We will use the Lemma 3.1 to calculate the valuation of ϕ m ·(α u T tu+γr(u) ) for m ≤ u ≤ p − 1. Note that since v(α) < 0 and the largest exponent of α in ϕ m · (α u T tu+γr(u) ) is u − m, which happens only once, we have
Conversely, we will show that ϕ m for 0 [1] and [3] , it is sufficient to prove that if some linear combination . It follows that
Therefore, by Nakayama's Lemma, we have
Property A
We will look at the double inequalities (9) given in Remark 3.3 and generalize the works of Lettl in [9] . Let r, s be integers with 0 ≤ r ≤ p−1 and 1 ≤ s ≤ p−1. We say a pair (r, s) has property A if there do not exist integers 1 ≤ m ≤ n ≤ p − 1 such that s − r p ≥ ns p > ms − r p .
Hence, for a fixed s, M r L is A r -free if and only if (r, s) has property A. Since it's clear that any pair of the form (s, s) has property A, we will assume that r = s. Let 1 ≤ n i ≤ p − 1 be the least positive integer such that n i s ≡ i (mod p). Set I = (n 1 , n 2 , ..., n k ) and M = max(I), where k = s − r if s > r and k = p + s − r if s < r. Let R be the least positive integer such that Rs ≡ r(mod p). In fact, we see that R = p − n k + 1.
Lemma 4.1. Then M < R if and only if n i + n k ≤ p for all i ≤ k. Moreover, if these equivalent conditions hold then either (i) n i = in 1 for all i ≤ k, or (ii) n i = n k + (k − i)(p − n 1 ) = in 1 − (i − 1)p for all i ≤ k.
In particular, if M < R then the sequence I is monotone and in arithmetic progression.
Proof. M < R if and only if n i < p−n k +1 for all i ≤ k if and only if n i +n k ≤ p for all i ≤ k.
Both (i) and (ii) clearly holds vacuously when k = 1. Suppose k > 1. To prove the second statement, note that n i + n j ≡ n i+j (mod p) for all i, j ≤ k.
(i) If n 1 < n k , then we have 2n 1 < n 1 + n k ≤ p. Since 2n 1 < p and 2n 1 ≡ n 2 (mod p) by (10), we have n 2 = 2n 1 . Similarly, we have n 3 = 3n 1 . It follows from induction that n i = in 1 for i ≤ k.
(ii) Now suppose n 1 > n k . Note that n k + p − n 1 < n k + p − n k = p. Since n k + p − n 1 < p and n k + p − n 1 ≡ n k−1 (mod p) by (10), we have n k−1 = n k + p − n 1 . Similarly, we have n k−2 = n k + 2(p − n 1 ). It follows from downward induction that n j = n k + (k − j)(p − n 1 ) for j ≤ k.
